Abstract. We estimate the expected value of certain function f : {−1, 1} n → R. For example, with computer assistance, we show that if A is the adjacency matrix of (Z/15Z) × (Z/15Z) and D is a diagonal 225 × 225 matrix with independent entries uniformly distributed on {−1, 1}, then the expected value of the normalized trace of (6I − (D + A)) −1 is between 0.2006 and 0.2030.
Let n ∈ N and let f : {−1, 1} n → R. The expected value of f is Ef = 1 2 n ǫ 1 ,...,ǫn∈{−1,1}
f (ǫ 1 , . . . , ǫ n ).
The computational complexity for calculating Ef is 2 n times the cost of computing each f (ǫ 1 , . . . , ǫ n ) plus the cost of averaging. When f is regular enough (e.g., if the range of f is in [0, 1]), one can take samples (X (i) 1 , . . . , X (i) n ), for i = 1, . . . , p, where p is large enough (p = 1 suffice when f has concentration property [1] , [2] ), and then with high probability, Ef is close to
n ). The computational complexity reduces to p times the cost of computing f (ǫ 1 , . . . , ǫ n ) plus the cost of averaging but with the trade off of having some risk.
In this note, we show that if f has nonnegative Fourier coefficients and
for all ǫ 1 , . . . , ǫ n ∈ {−1, 1} and r = 1, . . . , n, then for a single attempt, with 50% chance, one is able to assert an estimation of Ef up to an error of at most
with computational complexity (n+ 1)p 2 times the cost of computing a value of f (ǫ 1 , . . . , ǫ n ) plus the cost of some summations.
Throughout this note, if n ∈ N then [n] = {1, . . . , n}; and if A is an n × n matrix then tr A is 1 n times the trace of A. Let p ∈ N.
k , for i = 1, . . . , p and k = 1, . . . , n, are chosen independently and each of them is uniformly distributed on {−1, 1}, then
.
where |S| is the size of the set S. For r = 1, . . . , n,
Therefore, by (1),
n , for i = 1, . . . , p, are chosen independently and each of them is uniformly distributed on {−1, 1}, then for every i ∈ [p] and every j ∈ [p] such that i = j, the random variables
Example 1. Let γ > 0. Suppose that A is the adjacency matrix of a graph with n vertices such that every vertex has degree at most d. For every ǫ = (ǫ 1 , . . . , ǫ n ) ∈ {−1, 1} n , let D ǫ be the n × n diagonal matrix with entries ǫ 1 , . . . , ǫ n . Define f :
where tr is 1 n times the trace. It is easy to see that
Thus, if we define g :
and all entries of A are nonnegative, if we express
and if the X
n are chosen independently and each of them is uniformly distributed on {−1, 1}, then
In the case when A is the adjacency matrix of the Cayley graph of (Z/15Z) × (Z/15Z) and γ = 1, i.e.,
if we take p = 30, then with computer assistance, we obtain 0.2006 ≤ Ef ≤ 0.2030. This is an assertion rather than a statement that is true with high confidence.
It is easy to obtain the following result by adapting the proof of Theorem 1.
Example 2. We use the same setting as Example 1: γ > 0 and A is the adjacency matrix of a graph with n vertices such that every vertex has degree at most d. For every ǫ = (ǫ 1 , . . . , ǫ n ) ∈ {−1, 1} n , let D ǫ be the n × n diagonal matrix with entries ǫ 1 , . . . , ǫ n .
Let h be an analytic function on a neighborhood of the closed unit disk in C centered at 0 with radius d + 1 + γ. Define f 1 : {−1, 1} n → C and f 2 : {−1, 1} n → C by
and (f 2 (ǫ 1 , . . . , ǫ n ) − f 2 (ǫ 1 , . . . , ǫ r−1 , −ǫ r , ǫ r+1 , . . . , ǫ n )),
